
S u b r i n g s a n d I d e a l s

Recal l : ( r i n g s , commutative
a n d unital)

A r i n g R i s a s e t endowed

w i t h t w o b ina ry operations

" t " a n d
" .

"

t : R x r → R

. : r x r . s n

S u c h t h a t

1 ) ( R i t ) i s a n a b e l i a n group

2 )
' ' . ' ' i s assoc i a t i ve a n d distributes

o v e r " t " .



R i s s a i d t o b e u n i t a l i f F

a n e l e m e n t I , E R s u c h t h a t

f i x > x - I r - x t x e r .

R i s s a i d t o b e commutative i f

x . y a y .
x b x . Y E R

.



M a i n Examples o f Rings

\ ) L (prototype example o f a

commutative r ing)

2 ) K G ] ,
polynomials w i t h

coeff icients i n a f i e l d K

(commutative)

3 ) M n (Va) ,
t h e n x n matr ices w i t h

e n t r i e s i n a f i e l d K .

(noncommutative i f n > l )



Definition'. (Sebring) Le t R be

a r i n g .
A nonempty

s u b s e t S o f R i s said

t o b e a subr ing o f R

i f 5 i s a r i n g u n d e r

the operations o f R .



Theorem: (subring tes t ) A nonempty

s u b s e t 5 o f a r i n g R

i s a s u b r i n g i f and only

i f i t × , y e s

1 ) X t y e s

2 ) - × E s ( - x i addi t ive inverse
o f X )

3 ) X -T E S .

proof'. J u s t l i k e t h e proof o f t h e

subgroup t e s t .

⇒ t r i v i a l

⇐ associativity and
distributivity o f

\ ' . ' ' a r e inherited f rom R . D



Example-l: (polynomial subring)

fo r a n y f i e l d K
,

l e t

5 b e t h e subse t o f K K ]

consist ing o f on l y e v e n degree

polynomials s,

n

s:{{aix' / N E I N 403
}

1 = 0

Here, w e i n c l u d e t h e ze ro polynomial.

C h e c k t h a t 5 i s a subring!

U s e t h e subr ing t e s t



Le t past [aix" E s
i o

m

qui-[beside E S ,

e : O

n

I n v e r s e s : - p i x ) = { C- ai)x2iE s
i t o

s i n c e t h e degree o f e v e r y

t e r n i s e v e n

S u m s : w i t h o u t loss o f generality,

suppose M Z n .

T h e n



n m

pix)t9M=[(aetbelx't {bex"
1 = 0 l i n t l

E S s i n c e a l l powers

a r e e v e n .

products: p w ' 91×1

n
m

2 i t 2 l
= { { la ibe)x
E-o l i o

n
m a l i t e )

= [ { l a i b e ) X E S

i = o e = o

s i n c e a l l powers a r e e v e n .



B y t h e s u b r i n g t e s t , S i s

a sub r ing !



E x p r : (direct sums) L e t

R , a n d R a b e r i n g s

w i t h operations abusively

b o t h denoted by " t " and".
"

.

Then w e d e f i n e t h e d i r e c t

s u m R , O t r a t o b e

t h e s e t R ixRa w i t h

operations

( X , ,y , ) t (Ka i sa ) = (x, t X 2 , y,tYs )

( x , ,y , )
- (42,92) = ( 4 × 2 , y , Ya).

T h e n u nd e r these operations,
D = Riot R ,

i s a r i n g !



Observa t ion : W e h a v e r ing- isomorphic

cop i e s o f R , and R ,

i n R given b y

R i x {Or, } and

{Or,3x R a ,
respectively,

w e c a n s e e t h e s e
a r e s u b r i n g s

u s i n g t h e sub r i ng t e s t ,
b u t

m o r e i s t rue !

L e t ( X , Or, )ER , XEonal.

T h e n i f C y, 7 ) E R ,

( y , z ) . ( x , o r , ) = (Y-x, Ora).
C-Rixford



( x , Ora)-(Y, Z ) = (X's, Or,)
ER , x{Or,)

s im i la r ly )

(Or, , x ) - ( g z ) and

( 4 , - 2 ) ' (Or, ,x) a r e

e lements o f {Or,3xR2.

These s u b r i n g s a b s o r b o t h e r

e l e m e n t s o f R u n d e r mult ipl ication.



No t e ' . the subr ing g i ven i n Example I

does n o t h a ve t h i s property,

s i n c e multiplication o f a n element

o f 5 b y a monomial of odd

degree k i c k s u s o u t o f 5 !

( x ' t 1 ) - x = x3t× ¢ S .



Definition: ( I d e a l s , l e f t a n d right)

A subr ing S o f a r ing

R i s called a l e f t i d e a l

i f x . Y ES HEER , YES.

s i m i l a r l y , S i s a r i g h t i dea l

i f g . x E s f XER, y e s .

I f S i s b o t h a left a nd

a r i g h t ideal , w e s a y 5

i s a n i d e a l . w e then

u s u a l l y denote ideals b y I .



Example-3: ( I d e a l s i n 2 ) I f

I i s a n i dea l i n TL
,

t h e n ,
i n particular, I f 2

u n d e r addit ion. Since@, t )

i s c yc l i c , w e know t h a t

( I , t ) m u s t b e cyclic

a s w e l l .
The re fo re ,

µ # for s o m e

h t I N u { 0 3 .



Example-4! (polynomial i d e a l ) I n

K G ] , w e c a n t a k e

a n ideal

I :{Eaixi / new}
#

I i s a l l polynomials w i t h o u t

a constant coeff ic ient .
Yo u

c a n c h e c k , u s i n g t h e subr ing

t e s t , t h a t I i s a sub r i ng .

S i n c e K f c ] i s commutative,

w e only need t o show I i s

a l e f t i d e a l .



L e t ques t . I b e t E K G ) .
a l s o

n

T h e n i f p i x ) : { a i x i E I ,
i n

q q . p k )
n

= I q q . s e , #?"'E I
t o

i t

The re fo re , I i s a n i d e a l .

N o t e : t h e z e r o polynomial
i s i n I

b y choosing a c i o h t i f i E n .



T h i s a s s u m e s p ( x ) t o F 941.

B u t i f e i t h e r p l x l i o o r 964=0,

t h e n p u t ' 9 6 1 = 0 E I .



theorem'. (kernels a r e ideals) L e t

R , S b e r i n g s ,

Q : R - 7 5
a r i n g

homomorphism:

QCxty1sclCx1t
cecyj@Cx.y)= @ ( x ) . clly)

h t X l y E R .

T h e n K e r t e l s {xerlelxFOs}
isan-idealofR.tt



proof'. T h a t K e r k e l i s a subgroup

follows immediately f rom
t h e

characterization fo r group

homeomorphisms. Ker l e ) f ¢
s i n c e @( O r k O s . I t

o n l y r em a i n s t o check

t h a t i f X E R , y e Kerle),

x . y E k e r l e )
andy.xGker1@1.cllx.y)

- clcxl .hu)

= I l x ) ' Os

= Os

s im i l a r l y,

I l y - x ) = O s .



S o k e - 1 6 1 i s a n i d e a l

o f R .

A



Definition'. (simple r i n g ) A r i n g

R i s s a i d t o b e s imple

i f R h a s n o proper

nont r i v ia l i d e a l s .



theorem : (Mn ( K ) i s simple for a > 1)

Let K b e a f ie ld . T h e n

M n ( K ) i s a simple

r i n g fo r a l l n > 1 .

proof! Extra credit i n t h e c a s e

V . = I R .

D


